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U(x) = exp (ia*(x)T*) € G
T—VBERDOERAICT -V ERBRECHMERL TV

=T TENSISIIYENICRI L TH S DT, physa 2R

Aphys = AJG, A~ A = JgeGst. A = g_lﬂg + g_ldg

B Z I BWR[F DG A, AR O TE2IHD AN %S

1
A, ————I>A:L =A,— -
e

O X



Yang-Mills Z:m D {ER 1%

1

ChEASND, CORAERMNIT ST
45
0A,(x)
CEZ bNB, IR —SBOEBARENTH D,

=0 <= D,F" =9,F" —i[A,, F"] =0

¥/~ BOBIFOBFRMEE L LT
D,F,,+ D,F,, + D,F,, =0

& WD) BianchilBEXFANKILT 5D T, ZD2D0DFHITH>TT —
VIBAIFEILNTWB Z &N D B,



F - U() ¥ —Em
EE)HFEZ Bianchi lEZ =
OuF"" =0 Oplyp + 0u o+ 0pFy = 0
V-E=0 V-B=0
OE 0B
N — FE+ = —
V x B 5 0 V X E+ 5 0

T =BG %U(l) 95 & Maxwell HFRE 12 74
— BHSFIIU) Ty —ERTH B |




CDEHLT—VHmeRAFETEm T S ICEAHPEARD?

2D IR

=TGN I;FT

- VEROTELEERATHES |

- ZHZH50(x) IIFE OIS x I L TEEZEHDTI2HD
—>FEDOR R ICANBEE E%Ei%:t#"é%%

:/ EE_DFHH

ZEFSIEE WD TR EDFRE

7=V EREZ ORFIRTMED R TEINT LD H O

RN PIEZ FFZE EORZ ISR LAz 1



ARTTRZEZ ZHMMET DL ZHRADERICEHECDL OB
DR S > TWDBAFHIIFR E LRI



E 3= (principal bundle)

ZIREM(EZHE) & LieBfGBSED) IC L. £GRP = (P, 1, M,G) L 1%, &%
B &AL RRIAPEBONDNEBEST P> MOMBETH-T, UTEFE-ITHD

c

- BE? DEBN A HIERAOFE

PEICLieBGDBE LD HBEAEERB RPXG->G (p,g)Pp-g hFEL.
(i) n(p-g)=nlp)

(i) m@)=r@NaEnlE. p =p-g&hdgeHhH—ERIHFELET D

- BFTERAM

MOEED SxICX L. BEEU e M & RAFEBRL (S REEL)
O:r l(U)->UXGHFELT, UT w7

(1) BIRD~DFEZpréd5E, priod =n

(2) @(p) = (n(p), p(P)) XKLL E. d(p-g) = dp(p)g HHLY LD



(f&DEBAX 5 4 R) G




ZHREDERICEZBTM BH DL HIC, TROEZERMT,P Z21EN5Z &
RSN TWNS, EHEATEES A L TERS ww:w%EEwL £ E )

—_—

TROMER LI OEZEMT,PICAKE, EEEWVLWSHIRZFEHAD S
TP H’@V

iﬁiwﬁﬁtﬁ\%ﬁpeHJMNG%%ﬁméﬁézt

ERYEECNIE RS
2

E%E%%ﬁuﬂ\ H,WAERICE L TRER L D
ICEMNETE c

ﬁ
%

i, ZDERSE
W—X G L TWBEWNWS T TWEELDH S

21/60

SEZEODT7)" L EGEREAZEOES"d—




FR EDEHEEI
FHR P LoEwER w e AY(P;g) &3,

) EED AcgizxilL, wAd*)=A

(i) fEED a € GITHL, Riw=a"'wa

Zii7z3 P b gHOMDTEATH 5.

K—MREIC L CRONTWDDIEZREM L FFICHEMER{ZE L7cR" LRIE
DHPTEATH LD, TREDEGRILAIZED CLICEIBRTI20ENH D
—| Definition 1.1.2  #HHRO—BIL |

ANT*M @ E OYIli T(AFT*M @ E) % E iz ¥ 2 M _EO kXS HR AN(M;E) 2w,
%D,
T(A*T*M @ E) = AF(M; E)

L5,
Ek=0mr %X, AM;E)=T(E) 7% 5.
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TRl
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TERTS. lHEENI P LD gH 2 XMTHEATH 5.

KXDIFEREOHZABD EFIEINE LD THY . TERIITVTLERICPI LVLWDTEIET 5
L] (ZLiefSEME (CXT L Thraketz=5t& L ’Cﬁrﬁléj\ﬂ/ft XL CwedgelgZzstBET52HDTH S

EFELEN) BOTENRWERLDY, TR EDERMA & HEROHEILIFE
ICEEARBOMBEICK S ! | #z21X. BianchilEZER
DO =d0 +[w,N] =0

2N ZEDNBHIZTZE 5,



TRICITBFAVIDFET S
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s*: Ak(P; g) —» A®(U, g)
INZzHWS &, ERED &EHBEER L

A=s*'we AN (U;g), F=s5*Qec A*(U;g)

DEDICULEHRDTERICEERET S, A FOBERAEZEET S &
F=s5"0 =dA+ AN A.
ElXINIIYWIEBEOTr —TigliaomI EEL2ICELE ) ]



FTROEGILADEIZEELDT =2 ThHLH I &zl L7z
FEiZ 2 skm L CALFZELC &

A=A, dz" F = %Fwd:c“/\d:c”

CBD, INEF=dA+ANA IZTRATBE HBOBRI DD I
F,.=0,A4,—0,A,+A,, A
Ell) BBILARFERESZBWTYEDTr —VEBmEaBEIRTE TS |

We will refer to the fields A} collectively as gluons, in deference to the fact that the
strong nuclear force is described by G = SU(3) Yang-Mills theory. From the gauge
potential, we construct the Lie-algebra valued field strength

F = 0,4, — 9,A, —i[A,, A, (2.4)

Since this is valued in the Lie algebra, we could also expand it as F, = Fj,T% In
more mathematical terminology, A, is called a connection and the field strength F),, is
referred to as the curvature. We'll see what exactly the connection connects in Section

2.1.3. David Tong — Gauge Theory P28



ERDYT — VK
EZEMZEgHA I WERBCRE g:P>P 2 FTRKOTF—VFHBE WD
CDT—VERERDIEREE TV GE W D
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¢y (p) = py(p)
CELZENTES, (FROEERLY)
B OERICIERT 27 — V&%

w? = p w
EERT D &, BRIl MR

Yoy + v dy 09 =~"1Qx

wd =~~~
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BRTUIRTIC K 28| 2R LZ2T 5 &,
A% = 5" (w") = g "Ag+ g~ 'dg
F9=s"(Q) =g ' Fg
ClBh, EMNZIINIIMIBEOS — T EEIL TH S |

2.1.2 Gauge Symmetry

The action (2.8) has a very large symmetry group. These come from spacetime-

dependent functions of the Lie group G,
Q(}“) eG

The set of all such transformations is known as the gauge group. Sometimes we will be
sloppy, and refer to the Lie group G as the gauge group, but strictly speaking it is the
much bigger group of maps from spacetime into G. The action on the gauge field is

A, = Qx)AQ 7 (2) +iQ(2)9,0 () (2.11)
A short calculation shows that this induces the action on the field strength
Fl — Qz) F, Y(x) (2.12)

The Yang-Mills action is then invariant by virtues of the trace in (2.8).

David Tong — Gauge Theory P30

26/60
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Yang-Mills ;AEE%% : A - R
YM(w) = %/Mm,m ‘1

TNIET —VEBREOIERICAZETHDZ EHRDh 5.
(HRER LT —TBEEOIERIC L > TAdTE 2 O TCLieRODAIRZE L NEICEL - T

(™, 0"Q) = (2, Q)

ElRBT- )

Yang-Mills;/LEZY (& MO SE LD & pure Yang-Mills B D /ERS
1
SYM = fd4$£YM — —Z fd4$FﬁyFa”V
ERD T —VEHRTAE LD Heonsistent T 12
S b, Yang-MillsFEH O R S R SRR ER SRR E 42 kT
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2D ZE R L E R R TTAfine 2R TH B DT, BEH%ERKOBHITHT-Y
wi =w +ta € AY(M; AdP)
DEMRICA-> CHEZINIE+DTH D, HIEEXIL
)y = dwy + we N wy
=Q+tda+wAha+aAw)+t2aa
= Q+tDa+t’ala
ETRB, T TDIFEENIDTH 5,
Yang-Mills;NEZEUIARAT 5 &

d

- I *F %
Yang-Mills iFLES%K 1/ (0,9 % 1

i, YM(wy) = /M(Doz ANQ)x1=(Da,)
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dt

ZZTDEWLD ﬁAﬁﬁiw%ﬁﬁﬁiD%%mﬁét
(Do, ) = (o, D)
1D, BDHEFwNYang-MillsSB#OEEBETHD Eid. oxBHTRTD

YM(wt) = /M(Doz AQ) 1= (Da,2)

R .
wr =w+ta e A (M; AdP)
IZxXF L T ;
— YM(w¢) = (o, D*Q) =0
dt|,_,
NI T B EHZEBRTE2DT, whYang-MillsSNEEDOEEB S & I 5 EMHEH 1

D*Q) =0
THHZ N -7 | 2D & hiEsEFEZYang-MillsDiEfi & LD,



D) =0 OFEEIL?
BrTYIRTIC L > TR ZRT &

D*F =0
EB, INERMEECERT S &

— Oz
EIRY) . INIERE Y EBEE OB RN E —ET .

The classical equations of motion are derived by minimizing the action with respect

to each gauge field A7. It is a simple exercise to check that they are given by
D F* — ) (2.9)

where, because F),, is Lie-algebra valued, the definition (2.7) of the covariant derivative
is the appropriate one.

David Tong — Gauge Theory P29
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FERICITTIELRER EFR L7 WL
"RNTFROREBEA ENIZEBENFIER L R TNE R oG 0LA

Yang-Mills;NEEZDE 2 M IEEICH 2 5BREYang-Mills =R OS2 1 L
THTo !

V(o)
Gz /N7 hLieBE, M =S™ HIZXRAIEE D& = \B
d2
— | YMx2(4—-n)>0
dt t=0 Re(¢)

Im(¢)

Thbhb. n>5 DESIEHFEEE TAEYELS WL (J.Simonsd EIE)

Stability and gap phenomena for Yang-Mills fields (1979)
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DL MEIZCWHA KRB AV /XY FLieEFa B & T 2L AL LKEFRA
EoTHYang-Mills 5L EE L D /BLWLNE E

RiemannZ k& M % Yang-MillsTA&ZE % Riemann Z#kiF & L5,

B : nXJTEKE (n = 5) Cayler5¥ &2 M
CRIC RS QP? = F4/Spin(9)

MIBICEZ D E, RXST 3 EDERITERE L TIXFEBBE L pure Yang-Millsi5 3
TERTHNEESCHBWNL Y Y U IlBENTWE WD T EADH B,

LoT, F=0&WHlocally flat W LA ZTEICHE AW ENREHAHLE R D



IR =l
T—i5 A, ERERw @s2=0)
ZDRS F, R Q @3lzEL)
T— oK TROECREER
== —> Yang-Mills ;/.E8%4
EESRELN Yang-Mills 5t
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Bianchi 18555 Bianchi 1B

oF,p,+0,F,, +0,F,, =0 DEF =0
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Hodge star fEFF *:4%2 (M) - 42(M) 12D W\ T,

—f% (2 p form — n-p form

ZITHn=4,p=2 LT3 *k = i(Lél?(]\/_l)
HAGEIZ+], -1 TH Y, A2(M)%Hodge star DE
ZTNETNOEBZERZ A2(M) =A, DA_ET 3

BZBICDHETE DS
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A, Dtz BER R (self-dual). A_Dt%z RE SR HI(anti-self-dual) & L5

B ARG ETE *(dx1 A dxo) = dxs A dxy
*(daﬁl /\ dil?g) — dCIZ4 N dZBQ
*(daﬁl N\ d£U4) — dCBQ A d333




B aETE

dxq1 N\ dxo + dxrs N\ dxy dry N\ dxro — dxs N\ dxy
dri N dxs + dxy N\ dxs dx1 N\ dxs — dxg N dxo
dri N dry + dxs N dxs dxy Ndxy — dxo N\ dxs
BN A2 EA, DEK B EXCTH Az A DEK
L4 5L,

*(d:l’:l A dxo + dxsg N\ dZL‘4) — dxs Ndxy + dxy N\ dxs
*(d.ﬁl’:l A\ dSEQ — d.il?g /\ d.fl74) = dil’?g A\ d.il?4 — dﬁl?l /\ d.il?g

DEHIZ. FENICEBEE+LIE-1DEBICHBTETTWES
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A2(M) O f#% A2(E) RT3, iiRHR F e A2(P x 44 0) 13

F=F, +F  (xF.=F, ,xF_=—-F_)
DEDICDETED, INZRAT D &,
(FAXF) = |F|?x1 = (|Fp|?> + |F_|?) x 1
(FAF)=(|Fe]* = [F-]*) %1
AN

Fix. (FAF) OEDIZTEEDO FAOY—TRF 3EMEICA 5 (Chern-Weil)

./Mf <F /\F> — /M(|F-|-|2 _ ‘F_|2) *x1 = —SWQChQ(P) _ 4’:’1'2(2(’:2(}3) B cl(P)Q)



Yang-Mills SNNESZUICR AT B &
YM(4) = ¢ ] (FL? + | F_|?) # 1
M

/AN N N

/ (|[FL|? — |F_]?) * 1 = 87%cy(P) — 4n*ci(P)
M

ZE->TETET 5 &

YM(A) = = (87°co(P) —An*ci(P)) + | |F_|*x1

1
2 M

1
YM(4) = -5 (87°co(P) — 4723 (P)) + . Fy %1

chernBAIEDFZEICIF LR, BOEZEICIEITRAZED &




Yang-Mills JNEDIB/IMEZKDH D Z ENTE 3

1
YM(A) > 5 8m2co(P) — 4% cf(P)| = %

L SRIIEEIL. chern# |c| ED & =

F_|_ =0 (C S O)
THHE, F BB
x ' = —F

ThbdD, &> T, REEXTEGITLZE R Yang-MillsDEfTH 5 |

G =SUN)D & Z, first chern number ¢;(P) =0 72D T
YM(A) > 4m?cy(P)

Elb, ZOBUIMEEAL VARV b (instanton number) & ULy,



KBS HEHRDES 17 1 Z (ASD moduli space)

IR RI DT — VB O 2 ERT A7-OICT —VEORBESZE X T
H1=Wy WDOHBY H OB DZER (EERIT) TRIEED % L TH DD,
Z\\—“/\\’&\WT@U K%ﬂb@%a&bifd)# ‘/%—%Ebﬂéﬂ’)ﬁéc‘:fi wHVY
L TLZEO

To specify Yang-Mills theory, we had to pick a principal G bundle P — M together
with a connection V on P. So our first thought might be to try to define the Yang—Mills

partition function as

Zym|[(M, g), gym] = LDA e~ SvmlVI/h (8.1)
where !
Sym[V] = — 5 / tr(Fy A xFy) (8.2)

as before, and A is the space of all connections on P.

[30] David Skinner: Quantum Field Theory



MIIEDT — VB TIET — B TTHE WY 5O ERIIAENICE LD
DTHDHETHDT &%5%@ S E T — VBB TE SO RD D

%

ERL THT-WI M =A/G %LV aTFTAEREWVD

Of course, there’s a problem. By construction, the Yang-Mills action was invariant
under gauge transformations, so the integrand in (8.1) is degenerate along gauge orbits.
Consequently, the integral will inevitably diverge because we’re vastly overcounting. You

met this problem already in the case of QED during the Michaelmas QFT course. There,
as here, the right thing to do is to integrate just over physically inequivalent connections —

those that are not related by a gauge transform. In other words, the correct path integral

41/60

for Yang—Mills should be of the form

Zym|(M, g), gym] = K Dy e=SymlVI/h (8.8)
A/G

where G is the space of all gauge transformations, so that .A/G denotes the space of all gauge
equivalence classes of connections: we do not count as different two connections that are

related by a gauge transformation. Note that this definition means gauge ‘symmetry’ does

not exist in Nature! We've taken the quotient by gauge transformations in constructing the

[30] David Skinner: Quantum Field Theory |l




WDOHDFDEFHCIEIETY 2 7A BB TELOEIT ICF—VBEEXTHZET
REESZEFE L Tz (Wb 3 [37] Faddev Popov procedure, 19674F)
ZD"NHE"H(BRXITTD)EDITEE LAATHEEREDPTE TE S LIk
DZOEFEFBICEWE R | 7. TQFTCIXZ DHEZEITT 5 2 & TrMETRE
ENFBIFNICERTZELZZENDH B |

R2

Figure 11: The gauge slice C' should be chosen to be transverse to the gauge orbits, which

for SO(2) are the circles shown in grey. _ _ .
[30] David Skinner: Quantum Field Theory |l

¥ EZT —CREEAARTERELDSsUR)BEITEY 2 74 BEIOHF & L TEEL S
H71-BE (Y 2514 2R Dslice theorem) H H 3 A5 [E] AR
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PSEUDOPARTICLE SOLUTIONS OF THE YANG-MILLS EQUATIONS

A.A. BELAVIN, AM. POLYAKOV, A.S. SCHWARTZ and Yu.S. TYUPKIN
Landau Institute for Theoretical Physics, Academy of Sciences, Moscow, USSR

Received 19 August 1975

We find regular solutions of the four dimensional euclidean Yang-Mills equations. The solutions minimize locally
the action integrals which is finite in this case. The topological nature of the solutions is discussed.

[33] Belavin—Polyakov—Schwartz—Tyupkin (1975)

Belavin—-Polyakov-Schwartz-Tyupkin (BPST) 1 > X & > k> SU(2) k=1 & % 55k
A VRZY NP L1 DD TIE 7R GERPBRBOETH S Z & 26 | (moduli spaceDREY)
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Deformations of instantons

M. F. ATiYAH', N. J. HITCHIN', AND 1. M. SINGER#

t Mathematical Institute, Oxford, OX1 3LB, England; and ! Department of Mathematics, University of California, Berkeley, California 94720; and Massachusetts
Institute of Technology, Cambridge, Massachusetts 02139

Contributed by I. M. Singer, April 20, 1977

ABSTRACT A study is made of the self-dual Yang-Mills THEOREM. The space of moduli of self-dual SU(2)-

fields in Euclidean 4-space. For SU(2) gauge theory it is rigor- _ 1 >
ously shown that the solutions depend on 8k — 3 parameters, Y;tﬁfiﬂ:ffﬁmsﬂi tiﬂah Pontrjagin index k 2 1,15 a

where k is the Pontrjagin index. The standard deformation theory approach to such problems

[35] Atiyah—Hitchin-Singer (1977)

M ={Ae€ AP)| F{ =0}/G

HEWNWEY 2 74 ZBREZEL T, £DXRTHBAEE S Atiyah-Singerfs8IEEH HETE
TY 2T A ZEEIFEBEXRITT/IEBERITTTH DD, £ DRITIEIM = S*, 6 = SUQ2), T D4 7%
FEDNT W T 8k-3EWHIERRITTEL B Z ENTH o7 ]



Donaldson-Witten ¥4
BEDOYang-Mills 3Bz D 2 BRI AR IC

Zyri(M) = / DA Sl
2 s

C2E\F3, T Z7Tinstanton number &YER I

1 87T2k' 1 + 112
]{;28? MTI‘(FA/\FA) SYM: 92 _|_g_2HFAH

E18 %, DEEBIIREBES CTERSINTWDTLH, fFRZ&/IMET 5
B WER/IZIT TRl d2T7T—2F0RLAabEICH 5,

gofaatfR g - 0 [CH W TRE PN ER I XN LHMEICT ST, £
DEY OEFRENBHMEBEHIITTEE DM E->T WD,

“NExexactic LW TEIIIREEZE AT B,
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